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Nonlinear Differential Operators
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Abstract

In connection with approximations for nonlinear evolution equations, it is standard to assume
that nonlinear terms are at least locally Lipschitz continuous. However, it is shown here that
f = f(x,Vu(x)) is Lipschitz continuous from the subspace W® c L, into W~12, and maps
W2 into W1 if and only if f is affine with W1 coefficients. In fact, a local version of this
claim is proved.
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1 Introduction

This paper follows efforts to sharply estimate the convergence of some fully discrete approxima-
tions for semilinear parabolic partial differential equations [3]. At a certain point in the analysis,
it is tempting to postulate that the semilinearity, viewed as a nonlinear operator, is Lipschitz con-
tinuous in a sense described below. However, it is proved here that this condition can hold if and
only if the function in question is actually affine with respect to the argument for which Lipschitz
continuity is assumed. Hence, while Lipschitz assumptions are standard in proving convergence of
schemes for nonlinear evolution equations, generalizing them even very weakly to a function space
setting may amount to linearizing the equation.

To establish some notation, suppose that 0 is a bounded domain in R¥. For 1 < p < o
and integers m > 0, let W™P((1) represent the well-known Sobolev spaces consisting of functions
with distributional derivatives of order < m in Ly(f2). Also, || - |lwm.»(n) denotes the usual norm.
Next, let C§°(£2) consist of infinitely differentiable functions with support compactly contained in
Q. Completing the latter with respect to || - [lwmr(n) produces the spaces Wg?(2). Then, for
1< p<oo,pl+¢1=1and integers m > 1, define W~™4(2) = W;"(£1)* equipped with the
norm:

lvllw-ma@)y= sup |(u,v)|/[lullwmr(q) (v,v) = / u(x)v(x)dx.
uEWMP(N) 0
Finally, let Lf,v (92) represent a Cartesian product of L,(f2) normed in the natural way, e. g. :

10l Ly, ) = lg}?}v||Ua'||Lw(n)-

See Adams [1] for more details.
Now given a function f : R?N — R, the generalized local Lipschitz postulate which would
permit a stronger convergence theorem in [3] is that for some u € W% (Q), and p > 0:

Je, >0 such that VU, Uz € W1(Q) satisfying maix2||VUm — V||~ <e
m=1, oo
(1.1.Q)

£ (VU2) = £(VU1)llw-13(0) < collUz — Ut||L,(0)-

However, with the additional assumption:

Vv e Wie(Q) satisfying ||Vv — Vul|zyq) < p
(1.1.ii)
f(x,Vo(x)) € whe(Q)

it is shown in section 3 that (1.1.i) and (1.1.ii) are actually equivalent to the following:
( 3 {fm(x)}Nm.——OC Wl’oo(ﬂ)’ f= <f1) f2:"')fN)T

(1.2) | such that Vwe Whe(Q) satisfying [|[Vw — Vu|iy @) < p

f(x,Vw(x)) = fo(x) + f(x) - Vw(x).




This equivalence is established in Theorem 3.1 using techniques found in Dacorogna (2], where for
example, Theorem 2.1 is proved. There are various aspects of the latter which impede its adaptation
for the question at hand. However, most important is the fact that the set {VU : U € Wh*(D)} is
not dense in LY (D) for N > 2, as demonstrated in Lemma 2.2. In spite of this, results in Chapter
4 of Morrey [4] can be distilled to obtain Theorem 2.2. For the significance of the arbitrariness of
D, note that Morrey’s proof requires sequential weak * continuity of G(u, D) for vanishingly small
hypercubes. On the other hand, (1.1.1) and (1.1.ii) are equivalent to (1.2) for a fixed, but arbitrarily
bounded domain 2. Finally, for [3], it is important not to append regularity assumptions to (1.1.i)
and (1.1.ii), since for example, finite element approximation subspaces consisting of continuous
piecewise linear functions are only in W1*°(01). Nevertheless, Example 3 below shows that assuming

additional regularity widens the class of functions for which the generalized local Lipschitz inequality
holds.

2 Examples and Related Results

In this section, a few examples are offered to capture the spirit of claims made in the Intro-
duction. The first two are intended to demonstrate the restrictive character of (1.1.i).

Example 1. Let N = 1, Q = (0,1), and f(p) = p*. Now, for arbitrary p > 0, a sequence
{Un}, € WH(Q) is constructed in such a way that for a certain u € W2 (0):

|DzUn — DaullLo(0) = » Vn
and:
WUn—tllL,my = O
while:

1£(D=Un) = £(Dzu)llw-12(0) 2 |Jo[f(D:Un(2)) - f(Dou(2))]é(2)dz|

= o [} ¢(z)dz| Vo € Wor(Q),  ||llwraqa) = 1.

The plan is to construct a sequence of saw-toothed functions which converge to zero as f remains
constant. First define the characteristic function for [0, 1]:

1 0<z<1i
x(z) =
0 F<z<l
Now, let U(z) be given by:
U(z) = pzx(z) + p(1 - 2)[1 — x(z)]

and extend this function by periodicity to R to obtain U(z). Similarly, let Xx(z) be the periodic
extension of x(z). Next, set:

Un(z) = n~ 10 (nz) and xn(z) = X(nz) z €0,1]




so that:
DzUn(z) = PXn(x) - p[l - Xﬂ(x)]'

Finally, since:
f(D:Un(z)) = p2 a. e,

the claim above follows with u(z) = 0. m

In spite of the simplicity of Example 1, it may not be sufficiently satisfying because f is not
monotone, or fails to meet some other favorite condition. So, Example 2 aspires for complete
satisfaction but at a small cost. It requires the following Lemma which is also used in the next
section. The proof of a special case is given here for completeness. (See Dacorogna [2].)

Lemma 2.1 Let Q be a hypercube in RN and suppose that x € Loo(Q). Extend x by periodicity
to RN to obtain X and define xn(x) = X(nx). Then the following holds:

* 1 /
n —_ —_— d — 00.
X i@ w0 o x(x)dx as n — oo

Proof. Only the case N =1, and Q = [0, 1] is considered here. Since the simple functions are dense
in L1(Q), it suffices to show for example, that:

@ 1
/ xn(z)dz % a/ x(z)dz Va € [0,1].
0 0

This follows after taking the limit in:
[ -1 na 1 1 -1 no
/ Xn(z)dz =n / x(y)dy = [najn” f x(y)dy +n / x(y)dy
0 0 0 [na)

where [-] represents the greatest integer function. [

Example 2. Except for the form of f, let every element of Example 1 be transported for use here.
Now assume that f(p) is any function which satisfies:

F(=p) + f(p) # 2/(0).

First, choose an arbitrary ¢ € Wol '2(9) with a nonzero average value and ||#lw1,2(q) = 1. Since
¢ € L1(02) also, it follows from Lemma 2.1 that:

1£(D:Un) = f(Dat)llw-12¢)y = | Jo{f(DzUn(2)) - £(0)}¢(z)dz]|
= | [3{f(0)xn(z) + f(=p)[1 = xn(2)] — f(0)}(z)dz]
=2 [{f(DE+ F(=p)1 - L - £(0)} J§ $(z)dz| > O.

Hence, the left side cannot be made to vanish as ||[Unl|z,(q) = O. ]
These examples also suggest that the method of characteristic functions used to prove the
following might be useful in proving Theorem 3.1. (See Dacorogna [2].)



Theorem 2.1 Let g : RY — R be continuous and define:
G(U,D) = / ¢(U(x))dx UeLN(D), DcRV.
D
Then G(U, D) is sequentially weak x continuous for every D C RN if and only if g is affine, i. e,

for every D c RN :
G(Un,D) = G(U,D)

whenever:
/ Un(x) - B(x)dx "% / U(x) - B(x)dx v& € LY(D)
D D
if and only +f:
g(Aa+ (1 — A)b) = Ag(a) + (1 — A)g(b) vie[o,1], Va,be RV,

Now, the next Lemma is presented to demonstrate the limits of Theorem 2.1 in connection with
weak * convergence in W1 ().

Lemma 2.2 Let N > 2 and suppose D is any domain in RY. Then {VU : U € W1°(D)} is not
dense in LY (D).

Proof. First, fix xo € D and let @ C D be a hypercube centered at xo. Then, note that since
W (Q) — C°(Q) [1], the set:

Wo={UeW"(Q): U(xo)=0}

is a well-defined closed linear subspace of W'°°(Q). Also, when applied to gradients, || - ||y (g) is

actually a norm on Wy equivalent to || - [|y1.0(g)- If it were not so, there would exist a sequence
{Va}22; € Wy such that:

”Vn”Wl,oo(Q) =1 vn

while:
n—o0 0

IVValliy @ —

Since the imbedding W1 (Q) — L (Q) is compact [1], there is a subsequence which converges
in Lo(Q) and hence in W1°(Q). Further, the limit V € W; must be constant and satisfy
“V“Wl,oo(q) = 1. However, this leads to a contradiction since V = V(x¢) = 0.

Now, choose a smooth V € LY (D) for which:

92,V1(x) # 8z, Va(x) xXEQ
and suppose there exists a sequence {VU,}%%; C {VU : U € W1*°(D)} such that:
IVOn - Vi =5 o0
Then for n > 1, select U,, € Wy to satisfy:

VU(x) = VUa(x) x€Q




so that:
”VUn - V”L{,VO(Q) n:go 0.

Hence, 'V must be the gradient of some smooth U € W°. However, since Bﬁnle = 82 ,,U cannot

hold, the contradiction completes the proof. n
In spite of this Lemma, there is the following generalization of Theorem 2.1 [4].

Theorem 2.2 Let g : R2Vt! — R be continuous and define:
G(u, D) = / 9(x, u(x), Vu(x))dx weW'(D), DcRV.
D
Then G(u, D) is sequentially weak x continuous for every D C RY if and only if g(x, u, p) is affine -
with respect to p, 1. e., for every D C RV:
G(up,D) =3 G(u,D)
whenever:
/D ua()p(x)dx X / u(5)$(x)dx Vé € Ly(D)
D
and:
/ Vun(x) - B(x)dx "X / Vu(x) - B(x)dx V& € LV(D)
D D
if and only if:
g(x,u,Aa + (1 — A)b) = Ag(x,u,a) + (1 — A)g(x,u, b)

vAe[0,1], V(x,u) e RN+l vabeRVN.
(]
Actually, with W1°(D) viewed as a closed linear subspace W < LY*1(D), its predual is the
quotient space LN *1(D)/W+. Nevertheless, the above is an equivalent formulation of sequential
weak * continuity on W*°(D).
Finally, the next example addresses the question of whether the class of functions satisfying
(1.1.i) and (1.1.ii) can be widened by appending regularity assumptions.

Example 3. As in Example 1, let N = i, @ = (0,1), and f(p) = p?. Now choose an arbitrary
u € W3°°(01) and consider whether it is possible to show that for some ¢, > 0:

VUL, Uy € W2™(Q)  satisfying max || DU — Detflwieon) < p
m=1,2

1£(D=U2) — f(DU1)llw-r2() < ¢,||Uz — Uil|,()-
That this holds with ¢, = 2p can be seen from the following calculation:
|(Dz[Uz = U1, o D2 [U; + U1])|

DzU - DzU -1,2 = su
”f( 2) f( 1)”W 1.2() ,pewo‘g(n) ”‘0“W1,2(n)
_ wp (U=, DfeDes + 1))
pEW,2(0) lellw:2(q)
< Uz~ UsllLy() 1 D= [Uz + Utlllwico(a)-



3 Demonstration of the Theorem
In this section, the equivalence advertised in the Introduction is established in the following.

Theorem 3.1 Let £ be a bounded domain in RN. Also, suppose f : R2N — R, u € W2>(0),
and p > 0. Then (1.2) is necessary and sufficient for (1.1.1) and (1.1.%).

Proof. First, sufficiency is established. Condition (1.1.ii) follows immediately from (1.2). Now, let
U; and U, satisfy:

max [[VUp — Vu||1x ) < p.

m=1,2 o

Using (1.2), condition (1.1.i) is obtained as follows:
|(£- V[U2 — Uh], )|

If(VU2) — f(VUL)|lw-12() =  sup
pewl?(n) ”‘P”W‘v’(ﬂ)
C o 0OVl
peEW?(0) ||$0||w1,2(n)
<

clrsrﬁas",‘v||fi||W1vw(n)||U2 — Utl|Ly(e)-

For necessity, it is first shown that:

Vi e [0,1], Vx € Q, Va,b€ R¥ such that max{]|alle,,|blle.} <p
(3.1)
06, Va(x) + X+ (1 — A)b) = Af(x, Vu(x) + ) + (1~ X)f(x, Vu(x) + b)

where || - ||, represents the usual norm on RY¥. Now fix A € (0,1), a,b € R¥ satisfying:

(3:2) max{||al|e,, [[blle.} < o

and define:

c=(1-2A)(a-Db) d=Xa+(1-A)b.

Then, let @ be a hypercube containing 2, with two of its (N — 1)-dimensional faces F; and Fy
orthogonal to c:

F,i={xe€Q: c-x=o} t=1,2.
Also, define:
(3-3) hR={xeQ: c-x=a,} a)=(1-A)og + A
and let the convex hull of {F;, F} be represented by:

b={xeQ: x=tx+(1-t)x,, tel0,1], x;€F, x»€hn}




Before proceeding, it is shown that:

(3.4) #(@x) = 2Au(Q).
Let q1 € F; and qz € F; be vertices forming an edge of Q, chosen so that ||qz — qi|l} = u(Q).
Then, qx = q1 + A(qz ~ q1) € F) since:

Q- c=a;+ Aoz — 1) = ax.

Thus:
#(@5) = lar — aillellaz — @il = Mlaz — aillf; = 2u(Q)
and (3.4) is obtained. Now on @, define the characteristic function of Q:

1 X E Q)
x(x) =

0 x € Q\Qa.

Let X be the periodic extension of x to R", and define:
xn(x) = x(nx) xX€E Q.
By (3.4) and Lemma 2.1:
1

3.5 X A —/ x)dx = A as n — oo.
(35) "o @l ™

Now on @, define the hypertent function:

Vo(x) = (c-x — a1)x(x) = A(1 = N7 e -x — az)[1 — x(x)] xX€EQ.
By (3.3):
Q,\;i){r—loF,\Vo(x) =)y — Qa1 = A(az - al) = —A(l - /\)'l(a;\ - az) = Q\Q}g?c—»F,\VO(x)'

Hence, Vp € C%(Q) and:
VVo(x) £ c{x(x) - A(1 — 2) 71 = x(¥)]} x € Q.

Therefore, Vo € W1.°(Q). Further, since Vp is constant on hyperplanes parallel to F), and zero on
F) and F, it can be extended periodically to RY to obtain Vo € W1 °(RN). Now on Q, define:

Va(x) = n~ W (nx) XEQ
so that:
V) 2 elxa®) - A1-NL-xa@])  x€Q

and:
n— 00

[Vallzo(@) < n7 w(@)sup|Vo(x)] = 0.
XEQ



Then on (2, define:

Ux)=u(x)+d-x and Un(x) = u(x) 4+ d - x + V(%) x€
so that:
(3.6) WU = UnliLa) = O
Also, note that by (3.2):
(3.7) VU = VuLy(q) = ldlles < Allallees + (1= A)l[blle, <p
and

IVUn — Vu| Ly (a)
(3.8) = [[d+VValgy@ = @+ c)xn+(d= A1~ 1) )1 - XnlllLy ()
= |laxn+b[l - xnlllLy (@) < max{llalle,[blle} < o
Thus, according to (3.6) - (3.8), and (1.1.i):
|F(VU) = f(VU)|lw-12(0) = O
or:

o9 /ﬂ [£(%, Vu(x) + Aa + (1 = A)b) — (%, Vu(x) + d + VVa(3)]p(x)dx
3.9
= o0 Vo € W (D).

So, once it is established that:

.10 /‘;[Af(x, Vu(x) + a) + (1 — ) f(x, Vu(x) + b) — f(x, Vu(x) +d + VVa(x)](x)dx
3.10

i Vo € Wy (0)
the claim (3.1) follows from (3.9) and (3.10). For (3.10), note that:
£, V() + d + VVa(x)

= 1% Vu(x)+ d + €)xn(%) + £ Tu(x) +d — M1 = ) 7e)[1 = xn()]

= f(x,Vu(x)+a)xa(¥) + f0x, Vu@) + B)L - xa(x)]  x€O.
Now, for any p € W3?(0), by (1.1.ii) and (3.2):

Pal®) = p(N)f(x, Vu(x) +a)  and () = p(x)f(x, Vu(x) +b)

can be extended by zero to give:

@a(x), @(x) € Li(Q).

8




Hence, with (3.5):

/ﬂ £(x, Vu(x) + d + VVa(x))p(x)dx
= [Q (Pa(®)xn () + BHH)[1 — xn(X)]}ax  =F fq{m(x))\ + @ E)[1 - Alydx

- /n (M (%, Vu(x) + a) + (1 — \)f(x, Vu(x) + b) o (x)dx

and (3.10) is obtained.
Condition (1.2) is now extracted from (1.1.ii) and (3.1). First, select any v € R¥ for which:
[¥lles < p-

Then with &;; denoting the Kronecker delta, let a basis {z f;l c R¥, and an € > 0 be chosen
arbitrarily but satisfying:

|25| = €6y 1<i,j<N
in addition to: .
Iv+sz+tale, <p  Vete[ol] 1<ij<A.
Now, fix x € (1 and for convenience, take:
F(y) = f(x, Vu(x) +y) [¥llew < p-

With h, s, t € (0, 1], the following is obtained from repeated applications of (3.1):
A%(h,s,t)F(v) h=1{s [ F(v + sz* + hz?) — F(v + hz’)] — t L [F(v + tz') - F(v)]}

= h s (1 - s)F(v+ ha') + sF(z* + v + hz?) — F(v + ha?)]
—t71[(1 - t)F(v) +tF(2* + v) — F(v)]}

= B Y(h - 1)F(v) - hF(27 +v) + (1 — R)F(2' + V) + hF (27 + 2° + V) + F(v) - F(z* +v)}

= P2 +7 +v]+3v) - FGlZ +v]+ 32 +v]))} = O
Hence:
aﬁivjf(x,Vu(x) +v)=0 vxe, |Vl <p 1Z4,7<N.
Now all that remains for (1.2) is establishing the regularity of the coefficients. For this, define:
vk(x) = u(x) + pzi 1<k<N
so that:

IVvr — Vull Ly (n) < -
Then according to (1.1.ii):
pfi(x) = f(x, Vup(x)) - f(x,Vu(x)) € Wi=(Q) 1<k<N.
Also:
fo(x) = f(x, Vu(x)) - f(x) - Vu(x) € WH(Q).
Thus, (1.2) is obtained. =
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